Abstract-We consider the spectrum sharing problem between a set of device-to-device (D2D) links and multiple co-located cellular networks. Each cellular network is controlled by an operator which can provide service to a number of subscribers. Each D2D link can either access a sub-band occupied by a cellular subscriber or obtain an empty sub-band for its exclusive use. We introduce a new spectrum sharing mode for D2D communications in cellular networks by allowing two or more D2D links with exclusive use of sub-bands to share their sub-bands with each other without consulting the operators. We establish a new game theoretic model called Bayesian non-transferable utility overlapping coalition formation (BOCF) game. We show that our proposed game can be used to model and analyze the above spectrum sharing problem. However, we observe that the core of the BOCF game can be empty, and we derive a sufficient condition for which the core is non-empty. We propose a hierarchical matching algorithm which can detect whether the sufficient condition is satisfied and, if it is satisfied, achieve a stable and unique matching structure which coincides with the overlapping coalition agreement profile in the core of the BOCF game.
A Bayesian Overlapping Coalition Formation Game
for Device-to-Device Spectrum Sharing in Cellular Networks
ITH the proliferation of wireless data services and applications, it will soon become difficult for the existing cellular network infrastructure to support the demands for mobile data services under the traditional infrastructure-centric network frameworks. One reason is that, in infrastructurecentric network frameworks, all traffic is forwarded and relayed by the cellular network infrastructure (e.g., base station) even when the sources and destinations are close to each other. This not only increases communication delay and energy consumption but also reduces the reliability of the networks. For example, in cellular networks, failure of a base station can lead to mobile service outage for the entire coverage area of the corresponding cell. Device-to-device (D2D) communication without relying on the base station to forward the traffic provides an efficient way to increase the network capacity and reliability. Another issue is that the traditional exclusive spectrum ownership model used in existing cellular networks has resulted in inefficient spectrum utilization for a significant portion of the time [2] , [3] . One technique that promises to address this problem is spectrum sharing, which allows underutilized licensed spectrum to be shared by unlicensed devices. Allowing both D2D communication and spectrum sharing in cellular networks can improve network capacity, reliability and spectrum utilization efficiency. However, D2D links are generally established autonomously and cannot be fully controlled by the base station. In addition, choosing the wrong spectrum sharing pair of D2D links and cellular subscribers can result in high cross-interference, which may adversely affect both D2D links and cellular subscribers.
This motivates the work in this paper, where we investigate the joint optimization of spectrum sharing approaches and subband allocation problem for a set of D2D links in an area with multiple co-located cellular networks. Each cellular network is controlled by an operator. We propose a general analytical framework in which each D2D link first chooses its preferred operator and then decides whether to apply for the exclusive use of a cellular sub-band or to share the sub-band with existing cellular subscribers. Since D2D links are autonomous, D2D links being assigned sub-bands for exclusive use can also share their spectrum with each other to further increase the spectrum utilization efficiency. We hence introduce a new spectrum sharing mode for D2D communication in cellular networks, referred to as the sharing mode. In this mode, D2D links being assigned vacant sub-bands can share their sub-bands without consulting the operator.
The distributed nature and autonomy of D2D links make game theory a natural tool to study and analyze D2D communication systems in cellular networks. We establish a new game theoretic framework, referred to as Bayesian non-transferable utility overlapping coalition formation (BOCF) game, to analyze the spectrum sharing problem between D2D links and cellular networks. In our proposed game, D2D links that operate in the spectrum of the same operator can be regarded as a coalition. Each member of a coalition can share spectrum with the existing cellular subscribers or apply for an exclusive subband to be used by itself or shared with other D2D links. If D2D links from different coalitions decide to share spectrum with each other, the coalitions will overlap. Our proposed framework is general and the payoff of each D2D link can be any performance measure generated from its received signalto-interference-and-noise ratio (SINR). In addition, each D2D link is not required to know the payoffs or actions of others. We consider the concept of the core of coalition formation and seek an overlapping coalition agreement profile in the core that maximizes the payoffs of D2D links.
Our proposed game is a generalization of the traditional partition-based Bayesian coalition formation game [4] . As pointed out in [5] , even analyzing the partition-based coalition formation game can be challenging. Finding a stable coalition structure is an NP-hard problem and generally requires an exhaustive search of all the possible coalitions formed by the players. Allowing overlaps among different coalitions further increases the complexity of the system, and the core of the proposed game may not always be non-empty.
Fortunately, we observe that our proposed game can be solved by exploiting tools from matching theory [6] . Specifically, we introduce a hierarchical matching algorithm to approach a stable overlapping coalition formation. Our algorithm consists of three individual algorithms, each of which is used to achieve a stable matching structure of a specific matching market. The first matching market is a two-sided many-to-one matching market with private belief, in which each D2D link selects the operator with the spectrum that can maximize its payoff. All D2D links that are accepted by the same operator form a coalition. Within each coalition, D2D links compete for the sub-bands of the operator. We model this problem as a two-sided one-toone matching market. In this market, each D2D link applies for sharing sub-bands with existing cellular subscribers. If some D2D links decide to share the spectrum with other D2D links in the network, they will enter the third market, which is a onesided one-to-one matching market. We propose a distributed belief updating algorithm for each D2D link to search for a unique and stable matching structure. We prove that this matching structure coincides with the overlapping coalition agreement profile in the strict Bayesian core of our proposed game. We also derive a sufficient condition for which the core of the game is nonempty. Our proposed distributed optimization algorithm can detect whether this sufficient condition is satisfied and, if satisfied, to achieve an overlapping coalition structure in the core.
The rest of this paper is organized as follows. Related work is reviewed in Section II. The network model is presented in Section III. The D2D and cellular spectrum sharing problem is formulated in Section IV. This problem is modeled as a BOCF game in Section V. The hierarchical matching algorithm is proposed in Section VI. The numerical results are presented in Section VII, and we offer our concluding remarks and future works in Section VIII.
II. RELATED WORK
Most of the previously reported results on resource management for D2D communications focus on resource allocation for a single D2D link with specific performance goals. For example, in [7] , the authors applied power control and multihop routing discovery methods to improve the probability of outage for opportunistic D2D communications in a cellular network. The power control problem for D2D links in a cellular network was also studied in [8] - [10] . In [11] , the authors investigated the possible performance improvement brought by network coding and user cooperation in a D2D communication system. Observing the fact that D2D communications have not yet been considered in LTE-Advanced systems, the authors in [12] have proposed a mechanism to support a D2D communication session in existing LTE cellular networks. In [13] , a distributed channel-aware spatial resource allocation algorithm, referred to as FlashLinQ, was proposed for ad hoc network systems. Motivated by the recent observation that treating the interference as noise at each of the spectrum sharing D2D links is information theoretically optimal under certain conditions, a new spectrum sharing mechanism referred to as informationtheoretic link scheduling (ITLinQ) has been proposed in [14] . In [1] , we model the spectrum sharing problem between a set of D2D links and one cellular operator as a Bayesian non-cooperative game. In this paper, we extend our previous work in [1] to the case of multiple operators. This extension dramatically changes the structure of the problem studied in [1] because different operators have different resources and each operator will only reveal its resource information to the D2D links being given permission to access its spectrum. How D2D links can select their preferred operator without knowing which sub-band they will be eventually allocated by each operator is a challenging task.
Different from the existing work, in this paper we study the interaction between different D2D links and between D2D links and cellular subscribers in a general multi-user D2D communication-enabled cellular network using coalitional game theoretic models. Recently, coalitional game theory has been used to study interactions in wireless networks [15] , [16] . For example, in [17] , a coalition formation game has been applied to study the dynamic spectrum access problem in cognitive radio networks. In [16] , a hierarchical game theoretic framework has been proposed which allows unlicensed users to cooperatively share the licensed spectrum by paying a certain price to licensed users. However, most of the existing studies either focus on the cooperation among all the wireless users or non-overlapping coalition formation. In this paper, we introduce a new Bayesian non-transferable overlapping coalition formation (BOCF) game model to study spectrum sharing by D2D communications in cellular networks. In this paper, we propose a hierarchical matching algorithm to find the overlapping coalition agreement in our proposed game. The two-sided stable matching problem has been widely studied from both theoretical and practical perspectives [6] , [18] - [20] . In this problem, each agent belonging to the set of one side of the market has a preference about the agents belonging to the set of the other side and tries to find a matching to optimize its performance. Many extensions of these problems have been studied in the literature. The case of some agents on the one side only having preferences over a sub-set of the agents on the other side was studied in [21] . The case where the agents from one side have equal preference over multiple agents of the other side, called stable marriage with tie, has been studied in [22] . Empirical studies of the different variations of the stable marriage problem have been reported in [19] , [23] . In most of the previous works, each player cannot have any belief about the environment as well as the preference of others. In this paper, we allow each player to establish and maintain a private belief function. One work that is similar to our setting of private belief for agents is the belief-based coalition formation game proposed in [24] . However, that work assumes the belief functions are fixed, and cannot be updated during the game, which is different from the setting of our paper, where we introduce a Bayesian belief update algorithm to allow each player to search for the optimal matching structure.
III. A GENERAL SYSTEM MODEL FOR D2D COMMUNICATIONS IN CELLULAR NETWORKS
We consider spectrum sharing between a set of K D2D links, labeled as D = {D 1 , D 2 , . . . , D K }, and a set of L colocated cellular network operators, labeled as operators O = {1, 2, . . . , L}. Each D2D link corresponds to a communication channel between a D2D source and its corresponding destination, and each cellular subscriber corresponds to a downlink or uplink communication channel from the BS to the cellular subscriber as shown in Fig. 1 . To avoid causing interference to the neighbouring cell, we assume each D2D link can only share spectrum with the subscribers in its local cell.
Each operator i has been licensed an exclusive set S i of subbands which can be accessed by both D2D links and cellular subscribers. Let K i be the subset of vacant sub-bands of operator i unoccupied by cellular subscribers. Let J i be the subset of sub-bands occupied by the cellular subscribers of operator i, i.e., we have
Each D2D link can only share sub-bands with the cellular subscribes within the same cell. Since the access to licensed spectrum is expensive, the exclusive sub-band given to each D2D link may, in practice, be narrower than the full-size sub-band allocated to the cellular subscribers. Each D2D link can either access a sub-band occupied by a cellular subscriber or apply for a vacant sub-band for exclusive use if sharing the spectrum with a cellular subscriber cannot provide sufficient quality-of-service (QoS). Let P i l be the cellular subscriber occupying sub-band l of operator i for l ∈ J i . We denote S = i∈O
Because of the complexity of the interference management in D2D and cellular spectrum sharing problem, most existing works assume that each D2D link can share spectrum with at most one cellular subscriber [7] , [25] - [27] . In this paper, we follow the same line and assume that each sub-band can at most contain two users (either two D2D links or one D2D link and one cellular subscriber). This assumption makes the spectrum sharing between D2D links and cellular networks feasible to be implemented in the existing cellular telecommunication system. For example, in Release 12 of the LTE standard, an eNB (Evolved Node B) can keep track of the interference received at each of its cellular subscribers in each sub-band and can simply remove the D2D link from the subband once it observes a higher-than-tolerable interference level [28] , [29] . Our model however can be directly extended to the cases with two or more D2D links sharing the same sub-band with each cellular subscriber. We will discuss this in detail in Section VIII.
A commonly adopted approach is to divide possible spectrum sharing schemes between D2D links and cellular subscribers into three modes [12] In cellular networks, each D2D link can operate in one of the above three modes with help from the eNB of the corresponding operator. The detailed implementation of these modes in LTEAdvanced systems has been described in [12] , [26] , [30] .
We illustrate the D2D links and potential interference for the above three modes in Fig. 1 .
Since D2D links are autonomous, to further improve the spectrum utilization efficiency, D2D links assigned dedicated sub-bands for their exclusive use can also share their sub-bands with each other. Therefore, we introduce the following new mode for spectrum sharing between D2D communications and cellular networks:
M4. Sharing Mode: D2D links in mode M1 can further increase spectrum utilization efficiency by sharing their dedicated spectrum with each other.
We also illustrate the mode M4) in Fig. 1 . We will provide more detailed discussion on the possible implementation of our proposed framework in LTE Advanced network systems in Section VII.
Different from most of the existing works, which assume each D2D link obtains the same performance in different subbands under each specific mode, we consider a more general system in which multiple operators co-exist in the same coverage area and each D2D link in each specific mode obtains different performance in different sub-bands. We consider the joint optimization for both mode selection and the sub-band accessing/sharing. That is, each D2D link should not only choose a specific mode to operate in but also decide a specific operator and sub-band that can maximize its performance in its chosen mode.
be the payoff of D2D link D k when it shares its assigned sub-band l with another D2D link which has been assigned sub-band m for l, m ∈ K (mode M4). We consider a general model and the payoff of each D2D link can be any function of its received signal-to-interference-plus-noise ratio (SINR). For example, if D2D link D k wants to maximize its transmit rate per bandwidth price, the payoff of the D2D link D k in each mode is given as follows. M1 and M2: When D2D link D k accepts a dedicated subband l (in mode M1) or shares a sub-band l with a cellular subscriber (in mode M2), its payoff is given by 
where We follow a commonly adopted setting and set the revenue of each operator in the sub-bands occupied by cellular subscribers as a function of the resulting interference caused by the D2D links [16] , [34] , [35] . We can also define the revenue of operator i from a D2D link D k accessing a vacant sub-band for exclusive use, as a function of the SINR of D k , i.e., the revenue η In this setting, the price charged by each operator to each UE sharing the sub-bands with cellular subscribers is proportional to the interference caused by the UE. As is observed in [16] , this allows each operator to control the resulting interference created by the UEs by adjusting the prices. For example, if the revenue η
where β i is the pricing coefficient of operator i [36] . It has been shown in [37] that the operators can always limit the interference of the D2D links in their sub-bands by adjusting the value of the pricing coefficient. We can now show that the joint optimization of the mode selection and sub-band accessing/sharing problem is equivalent to the optimization of the sub-band allocation problem for D2D links. For example, if D2D link D k has been assigned to subband l ∈ K for exclusive use, D k will be in mode M1. If D2D link D k has been eventually allocated sub-band l ∈ J that is occupied by a cellular subscriber, D k operates in mode M2. If D2D link D k can access an aggregated sub-band formed by two sub-bands l and m for l, m ∈ K, D k operates in mode M4. If D2D link D k cannot obtain any sub-band to support its direct communication, it will then totally rely on the operator to establish connectivity and forward traffic between the two devices and hence will be in mode M3. In the rest of this paper, we focus on optimization of the sub-band allocations for D2D links in cellular networks.
The list of notation used in this paper is provided in Table I .
IV. PROBLEM FORMULATION
As mentioned previously, each operator only possesses a limited number of sub-bands and hence can only provide service for a limited number of D2D links. When the number of D2D links requesting to access the spectrum of an operator exceeds this limit, a conflict will happen. Similarly, conflicts may also happen when more than one D2D link send a request for the same sub-band of an operator or the same D2D link to share a sub-band with. To avoid possible overloading, the operator will have to reject the requests of some D2D links, i.e., if the number of D2D links sending requests to operator i exceeds |S i |, operator i will only allow |S i | D2D links to access its spectrum, selected according to the revenue that can be obtained from the requesting D2D links.
We assume the spectrum sharing process can be divided into time slots. We follow the same line as [13] and assume the communication of D2D links is synchronized using the timing signals sent by the cellular networks or the GPS timing signal. Each D2D link needs to make its decisions about operators, sub-bands and sub-band sharing partner at the beginning of each time slot and cannot change its decision during the rest of the time slot. The decisions of each D2D link, however, can be changed between different time slots. We use subscript t to denote the parameters and results in time slot t. To simplify our description, we can ignore the subscript t when we only focus on one time slot of the decision process.
We can define the D2D and cellular spectrum sharing 
is the conflict-solving rule of the operator and D2D links with dedicated sub-bands. We use
to denote the final operator and sub-band being assigned to D2D link D k . We also use 
and (1) and (3), respectively, and 1 is the indicator function.
If two or more D2D links have been allocated sub-bands for exclusive use, these D2D links can share their sub-bands with each other to further improve their payoffs. Since the sub-band allocation process has been supervised by the BS, the D2D links which are allocated dedicated sub-bands can obtain the identity information of each other from the BSs. Each D2D link with exclusive sub-bands (e.g., D k ) knows the set C o of D2D links with sub-bands for exclusive use, defined as
o after the training period. We provide a more detailed discussion of this training process in Section VI.
It can be observed that the value of D k for each D2D link D k can be affected by the decisions of all D2D links and the conflict-solving rules of the operators and D2D links with exclusive use of sub-bands, both of which are unknown to D k . It is generally unrealistic to assume each device can predict all these unknown parameters instantaneously before it makes decisions at the beginning of each time slot t. It is however possible for each D2D link to eavesdrop on the operators requested by other D2D links during the previous time slot. As observed in [38] , D2D communication will be mainly applied in high population density areas, where the cell sizes are generally small. This makes it possible for each D2D link to eavesdrop on the requests sent by nearby D2D links. Each D2D link can also obtain this information from the operators, i.e., each operator can broadcast its request acceptance and rejection message to all the D2D links. In this paper, we assume each D2D link cannot know the instantaneous decisions of others but can observe the decisions of other D2D links in previous time slots. Each D2D link can exploit these observations to establish a belief function about these unknown parameters.
The selfishness and autonomy of D2D links make it natural to model the DCSS problem as a game. During the rest of this paper, we focus on solving the following problems:
1) Establish a game theoretic model to study the interaction among autonomous and selfish D2D links. 2) Develop a distributed algorithm for each D2D link to optimize its decision to maximize its expected payoff. 3) Propose an effective conflict-solving rule for both the operator and D2D link with dedicated sub-bands to approach a sub-band allocation structure such that no operator or D2D link can benefit by unilaterally deviating.
4) Develop a belief updating algorithm for each D2D link to learn the probabilistic features of unknown parameters of other D2D links and operators using its previous observations. To solve the first problem, we propose a Bayesian overlapping coalition formation game to model the DCSS problem in the next section. We will then develop the distributed algorithm, conflict-solving rules and belief updating approach in Section VI.
V. AN OVERLAPPING COALITION FORMATION GAME
In many practical resource sharing problems, allowing overlap between different coalitions can further improve the system performance and resource utilization efficiency. For example, if multiple wireless network subscribers can access several resource blocks (e.g., frequency bands, time slots, antennas), they can be first divided into different coalitions each of which consists of the subscribers sharing one block of resource [37] . However, it is possible that, in some coalitions, the share of the resource blocks allocated to some subscribers is not enough to support a desired level of QoS, while for some other subscribers, the allocated resource may exceed those requirements. In this case, allowing the subscribers with insufficient resources to also aggregate or share some of the surplus resources allocated to other subscribers can further improve the resource utilization efficiency as well as the network system performance.
We define an overlapping coalition C i formed by a set of
is a binary variable and c
An overlapping coalition formation structure with L overlapping coalitions is defined as C = {C i } i∈{1,2,...,L} . We formally define a BOCF game as follows:
is the set of possible actions for the players in each coalition
of coalition C i in a BOCF game consists of two parts: the coalitional action a c C i and the overlapping action a
i is similar to the action in the non-overlapping coalition formation game, which specifies the joint action mutually agreed to by every member player within a coalition C
i . An overlapping action a o C i ∈ A o C i specifies how the players in coalition C interact with players in other coalitions. For example, in the resource sharing problem, the coalitional action characterizes the resource allocation scheme mutually agreed to by all the subscribers to divide the resource block within one coalition. The overlapping action characterizes how subscribers being allocated resources of different coalitions exchange or share these resources. These two actions may be closely correlated in most applications. For example, some players allocated resources from different resource blocks can share portions of their resources with each other and in this case the overlapping actions (e.g., how they negotiate and share their portions of the allocated resources) depend on the coalitional actions (e.g., how to divide each resource block among the coalition members). It can be observed that the coalition formation structure and actions jointly determine the payoff of each member player in a coalition. We hence can define an overlapping coalition agreement as a tuple
We also denote the overlapping coalition agreement profile x as the set of all overlapping coalitional agreements formed by the players, i.e., . 5) is the vector of the payoffs of the players. 6) is the preference relation. The preference relation is assumed to be complete and transitive [6] . We use
An important solution concept in the coalitional game is the core, which is formally defined as follows.
Definition 2: An overlapping coalition agreement profile x * is in the weak Bayesian (overlapping coalition formation) core if there is no overlapping coalition agreement x = C , a C ∈ x * such that every member believes it will benefit from deviating from the current overlapping coalition agreement x i , i.e., x = C , a C and
The above definition can be regarded as the direct extension of the core for the Bayesian non-overlapping coalition formation game to the overlapping case. If we take the belief of each player into consideration, we can propose a belief-based concept of the core, referred to as b-core, in the BOCF game as follows.
Definition 3: We say an overlapping coalition agreement profile x * * is in the (Bayesian overlapping coalition formation) b-core, if the following two conditions are satisfied: 1) there exists no overlapping coalition agreement such that every member believes it will benefit from deviating from the current overlapping coalition agreement, 2) there exists no overlapping coalition agreement such that at least one member of a coalition believes that each of the other members in the coalition believes it will benefit from deviating from their current overlapping coalition agreement, i.e., there does not exist x = C , a C and
Note that both concepts of the core defined above are different from the core related to the grand coalition used in many coalitional game-based wireless network models [39] - [41] . The latter core concept can only be non-empty when all the players in the game agree to form the grand coalition, that is, the coalition that contains all the players [4] .
The concept of the core in Definition 2 can be in some sense regarded as an extension of the a-core proposed in [42] into the BOCF game. It is different from the Aubin core for the cooperative fuzzy game in [43] as well as the o-core and r-core concepts proposed for the transferable utility overlapping coalition formation game in [42] .
We can model the DCSS problem as a BOCF game, referred to as DCSS game, G SS = D, Y, Γ, b, , as follows: the players are the D2D links. The coalitional action of a coalition C i corresponds to the sub-band allocation scheme achieved by all the D2D links being accepted by the same operator i. More specifically, the coalitional action a c C i is determined by the decisions made by D2D links in coalition C i as well as the conflict-solving rules of operator i. The overlapping action corresponds to the sub-band sharing scheme between the D2D links with exclusive use of sub-bands from different coalitions. The type Y D k of each player D k is its preference over all the possible overlapping coalition agreements. Each D2D link cannot know the types of other D2D links and it is generally difficult for each D2D link to establish a belief function over others' types. Fortunately, we can show that the uncertainty of each D2D link about types of other D2D links can be converted into the uncertainty about the decisions of others and conflict-solving rules of the operators and D2D links with vacant sub-bands. It can be observed that, for a given conflict-solving rule Γ, the final overlapping coalition formation structure C is determined by the decisions φ of all D2D links. By introducing a function F mapping from Γ and φ to an overlapping coalition formation structure C, we have C = F (Γ, φ). For each of the coalition formation structures, the coalitional action a c C i in coalition C i specifies the sub-band allocation between D2D links being accepted by operator i and the set S i of sub-bands. Since the sub-band assigned to each
Similarly, for each overlapping coalition formation structure, the set C o of D2D links with sub-bands for their exclusive use is fixed. Also, since the overlapping action of each D2D link
and the conflict-solving rule Γ o , we can define a function H mapping from the decisions of D2D links with exclusive sub-bands and the conflict-solving rules of these D2D links into the overlapping action, i.e., we have a
. Therefore, we can write each overlapping coalition agreement
. In other words, the preference of each D2D link about the coalitional agreements can be converted into its preference over different decisions for a given conflict-solving rule. In the DCSS game, each D2D link can observe the decisions of other D2D links and the operator and sub-band it has been allocated during the previous time slots and hence can exploit these observations to establish a belief function about the decisions of other D2D links. The belief function 
, and the remaining three belief functions correspond to the beliefs of D k about the conflictsolving rules of operators, sub-bands and D2D links with subbands for exclusive use, i.e.,
The expected payoff¯
Since each D2D link always chooses the decision that maximizes its expected payoff based on its belief, the decision
As mentioned previously, allowing overlaps among different coalitions greatly increases the complexity of the traditional non-overlapping coalition formation game. For example, the overlap between coalitions may cause instability and emptiness of the core as shown in the following example. 
is the second most preferred D2D link forD i for all i ∈ {1, 2, . . . , k}, where the subscripts are taken modulo k.
As observed in the above example, both of the cores defined in Definitions 2 and 3 can be empty. Finding an effective method to detect the emptiness of the core for a general BOCF game is still an open problem. In the rest of this paper, we can exploit the structure of the cellular networks to find a distributed algorithm to search for the stable and optimal overlapping coalition agreement profile that is in the b-core.
VI. A HIERARCHICAL MATCHING ALGORITHM
As observed from the previous section, an optimal overlapping coalition agreement profile is generally difficult to find and it is impossible to enumerate and compare all the possible candidate structures [5] . In this section, we propose a hierarchical matching algorithm to search for the overlapping coalition agreement profile of our game. We divide the DCSS game into different stages. By modeling each stage as a matching market, each D2D link only needs to focus on searching for its optimal decision in each stage. In the beginning, all the D2D links will be first partitioned into L non-overlapping coalitions, each of which corresponds to a group of D2D links that can access the spectrum of the same operator. We can model this problem as a two-sided many-to-one matching market, also called a college admission market, in which a set of students is partitioned and admitted into a limited number of colleges (to be discussed in Section VI-A). After being accepted by the operators, the D2D links accepted by the same operator will then compete for sub-bands. We can model this problem as a two-sided one-toone matching market, also called a stable marriage market, in which a set of men will be matched with a set of women (to be discussed in Section VI-B). Finally, D2D links with exclusive use of sub-bands in different coalitions can aggregate and share their sub-bands to further improve their payoffs. We model this problem as a one-sided one-to-one matching market, also called a roommate market, in which a set of students will be paired with each other to share the same dormitory.
In our proposed game, the D2D links cannot predict which sub-bands will be finally allocated by each operator or which D2D sub-band sharing partner it will choose. We, however, allow each D2D link to maintain a belief function. We propose a belief updating algorithm in Section VI-D. The relationship of different markets is illustrated in Fig. 2 . Let us give a detailed description for each of these markets as follows.
A. Operator Selection Algorithm
In this subsection, we assume that each player D k ∈ D can have a fixed private belief function B D k (φ −D k , Γ) about the decisions of other D2D links, and the conflict-solving rules. We will relax this assumption in Section VI-D. Each D2D link first chooses an operator which, according to its belief function, is likely to result in the sub-band allocation that maximizes its payoff. We solve this problem by modeling the operator selection by the D2D links as a two-sided many-to-one matching market with private belief. In this market, a set of D2D links applies for a set of operators. Each D2D link can only choose one operator and each operator i can only provide a limited number of sub-bands called a quota, labeled as q i = |S i |, for D2D links to access.
Let us now formally define the operator selection market as follows:
Definition 5: An operator selection market is a (twosided many-to-one) matching market with private belief
consisting of four elements: a set D of D2D links, a set O of operators, a vector B = B D k D k ∈D of belief functions, and the preference of each D2D link (or operator) over the operators (or D2D links).
Since the set of D2D links being matched with each operator corresponds to a coalition, the preference relation in the above market coincides with the preference relation of our DCSS game defined in Section V. We use D k i D n to denote that operator i prefers accepting D2D link D k to D n and use i D k j to denote that D2D link D k prefers to send a request to operator i over sending a request to operator j. Let us define a matching between D2D links and operators as follows:
Definition 6: A (two-sided many-to-one) matching Γ o is a function from the set D ∪ O into the set of unordered families of elements of
It is worth noting that the operator selection market defined in Definition 5 can also be regarded as a coalitional game [39] . If we let all D2D links fully compete for the cellular sub-bands, the game will turn into a non-cooperative game in which the main solution concept is the Nash equilibrium (NE). As pointed out in [44] - [47] , the number of NEs may be large and the NEs are not generally reachable by simple competition among players.
An important concept in matching theory is stability, which is defined as follows.
Definition 7: A matching Γ o is said to be m-stable if the following conditions are satisfied: 1) each player believes that matching Γ o cannot be strictly improved upon by any individual player or pair of players, 2) each player believes that each of the other players believes matching Γ o cannot be strictly improved upon by any player or pair.
Note that the concept of stable matching is generally different from the stability of the coalition formation structure in the coalitional game. More specifically, if we say a matching between a D2D link D k and an operator i is stable, it means that D k or operator i or both D k and operator i cannot choose any other matching partner to improve their payoffs. However, we say a coalition formation structure is stable if no coalition (of any0 size) of D2D links can benefit from deviating and join or form other coalitions. To differentiate between these two concepts, we use m-stable to refer to the stability of a matching with private belief. Several different concepts of the core have also been introduced for the matching market in [18] , [48] . The core of matching is generally different from the core defined in our coalition formation game in Definition 2. To avoid confusion, in this paper, we only use the term "core" to denote the core of our coalition formation game proposed in Section V.
To find a matching that is m-stable, each D2D link needs to send a request to the operator that according to its beliefs can provide the highest payoff. However, it can be observed in (6) that the payoff of each D2D link depends on its final allocated operator, sub-band and D2D sub-band sharing partner. Therefore, a D2D link cannot know which operator can provide the highest payoff without knowing which sub-band will be eventually allocated by each operator or which D2D sub-band sharing partner it will choose. Fortunately, we can show that each D2D link D k can establish an estimated version of its resulting payoff obtained from each operator i using its belief function B D k . More specifically, the estimated payoff of D2D link D k when it sends the request to operator i is given bȳ
) is given in (6).
Using the above result, each D2D link will choose the operator that can maximize its estimated payoff, i.e., φ
We refer to the above equation as the operator selection algorithm.
Note that each operator needs to decide whether to allow the requesting D2D links to access its spectrum before knowing which specific sub-band will be requested by each D2D link. We hence assume each operator can accept or reject the requests of the D2D links based on a predefined criterion unrelated to the final sub-band allocated to each D2D link. For example, each operator can evaluate the minimum revenue each D2D link can provide, e.g., we can define the minimum revenue brought by each D2D link D k to each operator i as
We describe the conflictsolving rule for operator i as follows: If more than q i D2D links send requests to the same operator i, a conflict will happen. To resolve this conflict, the operator will only accept the q i requesting D2D links that can provide the highest minimum revenues.
We can prove the following results about the operator selection algorithm.
Proposition 1: Suppose the belief of every D2D link is fixed. The operator selection algorithm and the conflict-solving rule of operators result in a unique and m-stable matching between D2D links and operators.
This result follows immediately from the definition of mstability in Definition 7. We hence omit the details of the proof.
B. Sub-Band Selection Algorithm
Each D2D link will decide which specific sub-band to request after being accepted by one operator. We model this problem as a two-sided one-to-one matching market. In this game, a set of D2D links send requests for a set of sub-bands (controlled by an operator), and the operator can then decide whether or not to accept the request from each D2D link according to its conflict-solving rule. To simplify our description, we use C i = Γ o (i) to denote the set of D2D links that have been accepted by operator i.
Let us formally define the sub-band selection market as follows:
Definition 8: A (cellular) sub-band selection market is a (two-sided one-to-one) matching market with private belief
which consists of a set C i of D2D links, a set S i of sub-bands controlled by operator i, a vector B = B D k D k ∈D of belief functions, and the preference of each D2D link (or sub-band ) over the sub-bands (or D2D links).
Note that, as observed in Section III, to maintain the QoS of the existing cellular subscribers, the accessing of D2D links in each of the sub-bands needs to be strictly controlled by the operators. Therefore, the conflict-solving rule of each sub-band over the D2D links has to be established and maintained by the operators. To simplify our discussion, in this paper, we use the term "conflict-solving rule of each sub-band" to denote the conflict-solving rule of the operator over the sub-bands to be accessed by each D2D link.
We use l D k m to denote that D2D link D k prefers accessing sub-band l over sub-band m according to B D k . Similarly, D k l D n means operator i prefers to let D2D link D k (as opposed to D n ) access sub-band l. We define a matching between D2D links and cellular subscribers in the spectrum of an operator i as follows.
Definition 9: A (two-sided one-to-one) matching with private belief Γ s between D2D links and sub-bands is a one-to-one correspondence from set
The two-sided one-to-one matching market can be regarded as a special case of the two-sided many-to-one matching market, where a player from either side of the market can only match with one player in the other side of the market. Therefore, we can use exactly the same algorithm to achieve a stable allocation between the D2D links and the sub-bands. That is, similar to the operator selection algorithm, each D2D link should always send the request for the sub-band that can provide the highest payoff. However, each D2D link cannot know its payoff without knowing which sub-band will accept its request or which D2D link will be its D2D sub-band sharing partner. For example, it is possible that a D2D link D k ∈ C i can obtain a higher payoff by sharing the sub-band occupied by a cellular subscriber than accessing a vacant sub-band without sharing with any other D2D links, i.e.,
and l ∈ J i . However, this D2D link D k may achieve a higher payoff by first accessing a vacant sub-band m and then sharing with another D2D link D n with a sub-band for exclusive use,
o . In other words, if D2D link D k fails to realize that the possible sub-band sharing with D n can further improve its payoff, it will choose sub-band l, which is not the subband that can provide the highest payoff for D k . To solve this problem, each D2D link should again exploit its belief function to derive an estimated payoff for each of the sub-bands of its matched operator, i.e., suppose the request sent by D k to operator i has been accepted. the estimated payoff of D2D link D k when it decides to send a request to sub-band l ∈ S i is given bȳ
) is given in (6) .
Following the same lines as the operator selection algorithm, each D2D link D k will decide its sub-band l by
We refer to the above equation as the sub-band selection algorithm.
We also introduce the conflict-solving rule of the sub-band for each operator as follows: If two or more D2D links send a request for the same sub-band, a conflict will happen. To solve this conflict, the sub-band (or operator) will only allow the D2D link that can provide the higher revenue to access the requested sub-band.
We have the following results for the sub-band selection algorithm.
Proposition 2: The sub-band selection algorithm and the conflict-solving rule of sub-bands result in a unique and mstable matching between D2D links and sub-bands of their chosen operator.
The above proposition follows the same line as Proposition 1, and we omit the detailed proof.
C. D2D Selection Algorithm
If sharing sub-bands with cellular subscribers cannot provide adequate payoff for some D2D links (e.g., some D2D links are closely located to some cellular subscribers), they will be given a sub-band for exclusive use and decide whether or not to share the sub-band with other D2D links. In this case, the market will no longer be a two-sided matching market, because each D2D link can find a match with any other D2D link with exclusive use of a sub-band in the entire network. We can then model the problem as a one-sided one-to-one matching market which is defined as follows:
Definition 10: We define the D2D selection market as a one-sided one-to-one matching market with private belief
where B is the belief function, and is the preference of each D2D link over other D2D links with exclusive sub-bands. We use
Definition 11: A (one-sided one-to-one) matching Γ d between two D2D links is a function from the set
Let us now discuss how to establish the preference for each D2D link when spectrum sharing between two D2D links is allowed in the cellular network. In this case, each D2D link will also need to evaluate and rank its resulting payoffs when sharing a sub-band with another D2D link that also has exclusive access to a sub-band. One way to achieve this is to allow the operators to help the D2D links with vacant sub-bands to discover the existence of each other. As each BS always keeps track of the sub-band allocation of D2D links, it always knows which D2D links have been assigned to vacant sub-bands. The BS can then broadcast this information to all the D2D links. Each D2D link D k ∈ C o occupying a previously vacant subband can then use its belief function defined in (5) to calculate the estimated payoff¯ 
, it means that D k cannot obtain any payoff improvement by sharing its sub-band with any D2D link in the set {ṽ
}. As described in Example 1, in the D2D selection market, there may not always exist an m-stable matching among all D2D links with sub-bands for exclusive use. One of the main reasons for this is the possible existence of rotations in the resulting preferences. We hence need to find a way to remove the rotations from the possible overlapping coalition agreements. As observed in [6] , [18] , [22] , [49] , a stable matching is associated with a unique set of rotations referred as the observable rotations. Therefore, if the rotation detection and removal sequence can be uniquely decided, the set of observable rotations as well as the stable matching will also be fixed. This problem can be solved by taking advantage of the labeled identity of each D2D link. More specifically, in a D2D communication network, each D2D link has a specific commonly known identification number, referred to as a label, that is used by other D2D links to recognize it. We can then order all D2D links with exclusive sub-bands according to a fixed sequence of their labels, i.e., we denote the ith ordered D2D link asφ i and the vector of all the D2D links in C can be
o . Removing the rotations also requires communication among D2D links with exclusive sub-bands. More specifically, each D2D link will sequentially broadcast a rotation detection signal to determine if a rotation-like sequence can be detected [6] , [18] , [22] , [49] . If a rotation has been detected, all D2D links in the sequence of rotation will remove the rotation from their preference list. If none of the preference lists of the D2D links becomes empty after removing the rotations, each D2D link can then match with its most preferred D2D link in its preference list. Otherwise, no stable matching structure exists. We refer to this algorithm as D2D Selection Algorithm. A detailed pseudocode of the roommate algorithm is given in [6, Figure 4.16] .
We have the following results. Proposition 3: Supposeφ and the set C o of D2D links being allocated vacant sub-bands for exclusive use are fixed. The D2D selection algorithm either reports no m-stable matching exists or generates a unique and m-stable matching structure.
Proof: See the proof of Proposition 3 in [1] . From the above proposition, if the D2D selection algorithm reports a stable matching structure, we can claim the existence of at least one stable matching structure. This can be regarded as a sufficient condition for the existence of a stable matching for the D2D spectrum sharing market. Note that this condition is not necessary because if we change the labeling sequence of D2D links, the resulting matching may also be changed.
D. A Belief Updating Algorithm
The three algorithms discussed in Sections VI-A to VI-C are closely related to each other. More specifically, the matching formed in the operator selection algorithm directly affects the sub-band selection and D2D sub-band sharing among D2D links. Moreover, the results of sub-band and D2D selection algorithms also affect the operator selection of the D2D links. In addition, it is observed in Proposition 1 that if the decision of every D2D link about which operator to send its request to is fixed, the matching between the D2D links and operators will be fixed too. According to Proposition 3, for each of the fixed matchings between D2D link and operators, the sub-band allocation that results from the sub-band selection algorithm is also determined. Finally, if the sub-band allocation among D2D links is fixed, the set of D2D links with exclusive use of subbands will be fixed, too. In this case, the results of the D2D selection algorithm will also be fixed. It is the belief functions of all the D2D links that connect these three matching results.
In this subsection, we relax the previous assumption about the fixed belief function of D2D links. We focus on a learning algorithm for each D2D link to iteratively update its belief function according to its previous observations. In our model, each D2D link can eavesdrop on the operators, sub-band and D2D links requested by each of the other D2D links. We assume each D2D link is myopic and hence can use a Dirichlet distribution to model the uncertainty about the decisions of other D2D links as well as the conflict-solving rules of operators and other D2D links with sub-bands for exclusive use. We can hence apply Bayesian reinforcement learning and use the following equation to calculate the belief about each action of other D2D links at the beginning of each time slot t,
where
is the number of times that D2D link D k observes the decisions of other D2D links are equivalent to φ Similarly, we can write the belief updating algorithm for
as follows:
where The rest of the belief updating algorithm can be written in a similar fashion:
After updating its beliefs, each D2D link uses equation (7) We now show that the results in Proposition 3 also hold if all the D2D links use the belief updating algorithm in (7) . We have the following result about the proposed hierarchical matching algorithm.
Theorem 1: We have the following results:
1) For the resulting belief function of each D2D link, the matching structure achieved by the hierarchical matching algorithm is equivalent to the overlapping coalition agreement x * * that is in the b-core of our proposed DCSS game in Section V. Proof: First, let us consider the first result. It can be easily observed that if every D2D link D k can predict the true beliefs of other D2D links, all D2D links can establish the true preferences and use the operator selection algorithm to obtain a unique and stable matching. The D2D links can then use the D2D selection algorithm to generate the unique and stable overlapping coalition agreement. In other words, the resulting coalition formation structure is stable and deterministic for every resulting belief function of D2D links.
We now consider the second result. If
for x is not in the core where D k (x) is the payoff of D k obtained in the sub-band allocated in overlapping coalition agreement x. Let us show that in the next time slot t + 1, each D2D link will stick with x * * and will not change to other decisions. In time slot t + 1, 
maximizes both payoff functions of D2D link D k . This process will be repeated in each of the remaining time slots.
Proposition 4: For each resulting belief function, the complexity of our hierarchical matching algorithm in the worst case is O(NK 4 L 2 ) where N = max i∈O {|K i |}. Proof: Suppose the belief function of each D2D link has been updated. All D2D links need to first send requests to their preferred operators. According to the conflict-solving rules of the operator, the request sent by a D2D link D k to operator i can be rejected if operator i has already received q i or more requests from other D2D links that are preferred by operator i. In the worst case, each of the K D2D links will send requests and be rejected by each of its most preferred (L − 1) operators before an operator accepts its request. This results in K(L − 1) complexity. Similarly, according to the conflict-solving rule for the sub-bands, each D2D link being accepted by each operator i can also be rejected for each of the |S i | − 1 sub-bands. This results in another (|C i S i | − 1) complexity for each operator. According to [6] , the D2D selection algorithm for D2D links in set C o will result in a complexity of O(|C o | 2 ). We hence can claim that the final complexity for each resulting belief function is
2 ) for our proposed algorithm for each resulting belief function.
VII. NUMERICAL RESULTS
In this section, we first describe how to implement our proposed algorithm in LTE-Advanced network systems and then present the numerical results to verify the performance improvement that can be brought by our proposed algorithms.
In a D2D communication system, it is critical for the source and destination of each D2D link to determine each other's availability and ensure they are located within direct communication range. This requires all the potential D2D sources and destinations to first go through a peer device discovery process [26] . This peer device discovery can be either implemented with limited or full control from the operators through the BS as described in [30] . In the limited control approach, each BS periodically broadcasts the set of available vacant and occupied sub-bands that can be used by the D2D links. Each D2D link can then use the received broadcast signal to establish its preference about the operators and then submit a request for the operator and sub-band according to its preference. In the full control approach, each D2D link will simply send a D2D communication request to the BS and the BS will decide the required modes and communication parameters for each D2D link.
In this section, we compare the following four D2D spectrum sharing approaches. 1) Random Allocation: D2D links randomly choose operators, modes and sub-bands. In this case, we only allow each D2D link to use modes M1-M3. This is equivalent to the existing D2D communications in cellular networks without using the optimal mode selection approach studied in [26] . 2) Random Operator Allocation: each D2D link D k randomly picks an operator and then uses the sub-band selection algorithm to decide its modes and sub-bands. We again limit each D2D link to choose from modes M1-M3. Therefore, this method is equivalent to the existing D2D communications in cellular networks where each D2D link randomly chooses an operator and then selects the optimal mode introduced in [26] . 3) Hierarchical Allocation: all D2D links use the operator selection algorithm to choose the optimal operators and then use the sub-band selection algorithm to decide the mode and sub-bands. Again, we assume each D2D link can only choose from modes M1-M3. This method is equivalent to the existing D2D communications in cellular networks where each D2D link chooses the optimal operator and then chooses the optimal mode. 4) Hierarchical Allocation with Overlaps: D2D links use the hierarchical matching algorithm to decide their optimal operator, mode and sub-band. Note that in this approach, each D2D link can choose from modes M1-M4.
Note that, as we have proved in Section VI-D, if the D2D links can update their belief functions using (11)-(16), the overlapping coalition agreement of D2D links can converge to a unique and stable structure. In the rest of this section, we focus on the case where D2D links have already updated their belief functions. We will discuss the convergence rate of the belief updating algorithm at the end of this section.
Let us consider a cellular system consisting of multiple operators randomly located in the center region of a squareshaped coverage area, as shown in Fig. 3 . Each operator has a set of cellular subscribers using its spectrum, which can also be shared with a number of D2D links. D2D links and cellular subscribers are uniformly randomly located in the entire coverage area. To simplify our discussion, we focus on the downlink transmission and assume each D2D link consists of a source and a destination. In a practical system, D2D communication should only be enabled when the source and destination are close to each other. We hence assume each destination is uniformly randomly located within a fixed radius (20 meters in our simulation) of the corresponding source. We consider the payoff of D2D links defined in (1)-(3) and let the channel gain between two D2D links D k and D n and one D2D link In Fig. 4 , we fix the number of operators, cellular subscribers and D2D links and present the total payoff of D2D links under different lengths of the side of the square-shaped coverage area with a range from 100 to 1000 meters. Our considered coverage area covers femtocell, pico-cellular (< 200 meters), micro- cellular (> 200 meters), and macro-cellular (> 1000 meters) systems [31] . We observe that the random allocation method achieves the worst payoff among all the methods. Even under the case that each D2D link cannot establish a preference list for the operators but chooses its operator randomly, the payoff of the D2D link can be improved by applying the sub-band allocation algorithm (sub-band selection algorithm in Section VI-B). If we further allow each D2D link to decide its operator using the operator selection market proposed in Section VI-A, the payoff of each D2D link can be further improved. We also observe significant performance improvement by allowing spectrum sharing among D2D links with exclusive sub-bands. This is because the chance for each D2D link with an exclusive-use sub-band to find a suitable sub-band sharing partner increases with the total number of D2D links with sub-bands for exclusive use. If two D2D links with small or even negligible crossinterference can be matched with each other (e.g., two D2D links that are far from each other), the payoff obtained by each of the matching D2D links can be significantly improved. In other words, in a large coverage area with uniformly randomly located D2D links, each D2D link will learn the fact that applying for a exclusive-use sub-band for exclusive use at first and then sharing with another D2D link with vacant sub-bands with small cross-interference can maximize its payoff. Note that in our simulation, we assume each D2D link can always obtain a dedicated sub-band for exclusive use if sharing subbands with cellular subscribers cannot achieve a higher payoff. However, in many practical scenarios, the number of vacant sub-bands is limited. In this case, some of the D2D links can only choose between mode M2 and mode M3. In other words, our simulation results of hierarchical allocation with overlaps can be regarded as the upper bound of the payoff achieved by D2D links when they share sub-bands with the cellular networks.
To compare the spectrum sharing capacity in terms of the total number of D2D links that can be supported by the existing cellular system, we present the number of valid spectrum sharing pairs formed between a D2D link and a cellular subscriber or two D2D links in Fig. 5 . We observe that the hierarchical allocation approaches with and without overlaps can almost double the spectrum sharing capacity, especially in the femtocell or pico-cell cases (coverage length < 200 meters). This is because when the coverage area becomes small, the cross-interference between the spectrum sharing D2D links and cellular subscribers becomes critical and, in this case, choosing the operator serving the cellular subscribers that are far from each D2D link becomes important to improve the spectrum sharing capacity of the systems.
We study the spectrum sharing capacity of the DCSS system under different minimum required data rate per spectrum price in Fig. 6 . We observe that if each D2D link only requires a data rate below 64 kbps, almost every D2D link can find another cellular subscriber or D2D link to share the spectrum with. However, the spectrum sharing capacity is dramatically decreased when the required data rate for each D2D link exceeds 96 kbps. Furthermore, using the hierarchical allocation with overlaps approach cannot provide any extra capacity improvement for hierarchical allocation if the required minimum data rate becomes larger than 128 kbps. This is because the cross interference between D2D and cellular communication becomes significant when both D2D links and cellular subscriber raise their transmit powers to support high transmit data rates. Note that, in our simulation, we assume the transmit powers of both D2D links and cellular subscribers are constants and hence the performance of D2D links can be further improved by using optimal transmit powers as shown in [9] , [31] , [50] , [51] .
In Fig. 7 , we fix the number of D2D links and cellular subscribers and consider the payoffs of D2D links under different numbers of operators. It is observed that the payoffs of the D2D links increase with the number of operators when using the hierarchical allocation method. This is because with the increasing number of operators, selecting the proper operators becomes more and more important for each D2D link. However, if we only allow each D2D link to randomly select the operators, the payoff of the D2D links with the random operator selection will approach that of a random allocation method without any optimization. We fix the number of operators and cellular subscribers to compare the payoffs of D2D links with different numbers of cellular subscribers in Fig. 8 . It is observed that the payoff of the D2D links increases with the number of cellular subscribers. This is because the cost to the D2D links of accessing an exclusive-use sub-band is higher than that of sharing a subband with a cellular subscriber. As the number of subscribers increases, there are more opportunities for D2D links to pair with such subscribers. In addition, the payoff of the hierarchical allocation increases at a faster speed than that of random operator allocation when the number of cellular subscribers to each operator increases.
In Fig. 9 , we fix the number of operators and cellular subscribers and consider the total payoff of D2D links, varying the number of D2D links in the coverage area. We observe that if the number of D2D links is small, most of the D2D links can find cellular subscribers to share spectrum with and hence allowing spectrum sharing between D2D links with exclusive sub-bands (i.e., hierarchical allocation with overlaps) cannot provide any payoff improvement. However, continuously increasing the number of D2D links provides more choices for each D2D link with an exclusive sub-band when it wants to share its sub-band with other D2D links using the D2D selection market.
The convergence of the belief updating algorithm is illustrated in Fig. 10 , where we select two D2D links and present their payoffs with hierarchical allocation with overlaps for different iterations. It can be observed that the payoffs of the chosen D2D links can converge to a relatively stable state after the initial fluctuations of the training period.
VIII. CONCLUDING REMARKS AND FUTURE WORKS
In this paper, we have considered the spectrum sharing problem between multiple D2D links and a cellular network with multiple operators. We have developed a BOCF game framework to analyze this problem. In our proposed framework, each D2D link will first decide which operator's spectrum it wants to access. All the D2D links being assigned the same operator can be regarded as a coalition and then compete for the available sub-bands controlled by the corresponding operator. Each D2D link can also apply for a vacant sub-band for exclusive use. If there are two or more D2D links with sub-bands for exclusive use, they can further improve their performance by sharing their sub-bands with each other. We propose a hierarchical framework based on a stable matching market to derive a sufficient condition for the core of the BOCF game to be non-empty. We introduce a distributed hierarchical matching algorithm to detect whether the sufficient condition is satisfied and, if satisfied, leads to an overlapping coalition agreement profile that is in the b-core of the game. Numerical results show that our proposed hierarchical matching algorithm can achieve significant performance improvement especially in a large coverage area with a large number of D2D links.
Both the BOCF game framework and the hierarchical matching algorithm can be directly applied to more complex systems. For example, if we also allow three or more D2D links with exclusive sub-bands to share their sub-bands with each other, the overlapping actions of each coalition should consist of all the combinations among the D2D links with vacant sub-bands. Each D2D link will then need to establish a belief function over all the possible combinations between itself and subsets of other D2D links with exclusive sub-bands. Using this belief function, each D2D link will then send the sub-band sharing requests to a group of D2D links which, according to their belief functions, will accept the request and share their sub-band with each other. Another case that can be directly extended from our proposed hierarchical matching algorithm is that of two or more D2D links sharing the same sub-band with cellular subscribers. In our model, we model the sub-band selection problem as a onesided one-to-one matching market in which each D2D link can only be matched with one sub-band. However, if we model the sub-band selection problem as a one-sided many-to-one matching market as discussed in Section VI-A, each sub-band and its associated cellular subscribers can then be matched with multiple D2D links.
Our work in this paper also opens multiple future directions. One future direction of our research is to study whether it is possible for the operators to also establish and maintain the beliefs about D2D links to further improve their revenues. More specifically, in our model, we mainly focus on the distributed optimization of D2D links and assume the conflict-solving rules of the operators and the D2D links with vacant sub-bands for exclusive use are fixed. It has already been proved in [18] , [52] , for a two-sided matching market that it is possible for the operators to adjust their conflict-solving rules to further improve their performance. Another potential direction for future research is to study the effects of allowing partial payment transfers between operators or D2D links on the performance of both D2D links and cellular network systems [53] , [54] .
